Quadrature rules on semi-infinite and infinite intervals are considered involving weight functions of the Laguerre and Hermite type. It is shown that such quadrature rules cannot have equal coefficients and real nodes unless the algebraic degree of accuracy is severely limited.
Rn(f) = 0 whenever / is a polynomial of degree < «. In the following we are going to relax these requirements in two respects: Firstly, we shall drop the requirement that the nodes be distinct, or even contained in (a, b), assuming merely that all be real. Secondly, we shall allow for polynomial degree of accuracy < «.
Since we are interested in questions of nonexistence, both modifications only strengthen our results. We shall refer to quadrature rules (1.1), under these relaxed conditions, as Chebyshev-type quadrature formulas.
We focus our attention on two special cases of (1.1): the Chebyshev-Laguerre
and the Chebyshev-Hermite formula (1.3) f e~x2f(xyJx = ^ ± f(x^) + R(f).
-» n k= i
In 1955, H. E. Salzer [5] first observed (by computation) that a Chebyshev formula (1.2), in the strict sense, for a = 0, exists for « = 1 and « = 2, but does not exist for 3 <« < 10. He found similarly that (1.3) exists for « = 1,2 and 3,
but not for 4 < « < 10. Shortly thereafter, V. I. Krylov [4] proved that in fact (1.2) (with a = 0) and (1.3) do not exist for any n > 3 and n > 4, respectively. This was proved again later on, independently, by H. S. Wilf [6] and L. Gatteschi [3] . We shall prove below analogous results for Chebyshev-type quadratures. In particular, we show that formulas (1.2) and (1.3) with polynomial degrees of accuracy pn > rny, T > 0, lh < y < 1, as n -*■ <*>, cannot exist. 
Thus, Rm(f) = 0 for all polynomials of degree < 2m -1. The abscissas |^m^ are the zeros of the mth degree orthogonal polynomial associated with the weight function w(x), while the weights X£m^ are the corresponding Christoffel numbers. l£MMA 2.1. If the Chebyshev-type quadrature formula (1.1) has polynomial degree of accuracy 2m -1, m < «, then either Since it has polynomial degree of accuracy 2m -1, and since the Gaussian quadrature rule (2.1) is unique, we conclude (2.2), and in particular, nr > 1 for all r, by virtue of X<m) > 0. This proves the first alternative (2.2).
(ii) At least one xk"^ > ^xm\ This gives the second alternative (2.3).
The statement concerning (2.2) and (2.3') follows similarly by using p(x) = P2m(x)l(x -^). Lemma 2.2. // the Chebyshev-type quadrature formula (1.1) has polynomial degree of accuracy 2m -2, then /Voo/. By Lemma 2.1 we have either (2.2), or else both (2.3) and (2.3').
In the first case, (2.6) results from putting r = 1 and r = m in (2.2) and noting that nr > 1. In the second case, (2.6) is a consequence of (2.5).
3. Nonexistence of Chebyshev-Laguerre Type Formulas. Since m = (n -s + l)/2, this gives (3.2), and the proof of Theorem 3.1 is completed.
Corollary.
There is no sequence {Cn} of Chebyshev-type formulas (1.2), corresponding to a sequence S of integers n = n¡, «;--► °°, such that Cn has polynomial degree of accuracy pn > r«T, r > 0, Vi < y < 1, for each n G S.
Proof. Letting p" = « -sn, we have sn < « -r«7, and (3.1), (3.2) are both satisfied for s = sn and « sufficiently large.
We remark that (3.1) and (3. This proves Theorem 4.1 for all odd « \> 5.
